Introduction 0.1. Let A be an abelian variety over a perfect field K of characteristic p > 0. The "Serre-Tate theory" in the title of this paper refers to a collection of results about the formal deformations of A in case A is ordinary. The first main results are described in the Woods Hole report of Lubin, Serre and Tate [17] . Related results were obtained by Dwork and were shown to agree with those of Serre and Tate. As references we cite Deligne [4] , Katz [11] , and Messing [19] .
One of the main points in Serre-Tate theory is the statement that, if A is ordinary, its formal deformation space has a canonical structure of a formal group (in fact, a formal torus) over W (K). In particular, this leads to a canonical lifting A can over W (K), corresponding to the identity section of the formal group. If K is finite then this canonical lifting is characterized by the fact that all endomorphisms of A lift to endomorphisms of A can .
The main goal of this paper is to generalize this theory to moduli spaces of PEL type. Roughly speaking these are moduli spaces for triples A = (A, ι, λ) where ι: O → End(A) is an action of a given ring O by endomorphisms and λ is a polarization. The precise formulation of the moduli problem is somewhat involved; see section 4.1 for details. Let us remark that one also fixes certain discrete invariants, such as the structure of the tangent space Lie(A) as an O-module. This invariant, classically referred to as the CM-type, plays an important role in this paper.
0.2.
Let A g be the moduli stack of principally polarized abelian varieties. In some cases the classical Serre-Tate theory "induces" results for Shimura subvarieties of A g . Namely, let E be a number field and suppose S ֒→ A g ⊗ E is an irreducible component of a Shimura subvariety. If v is a prime of E above p, consider the integral model S ֒→ A g ⊗ O E,v obtained by taking the Zariski closure of S inside A g . If x ∈ S ⊗ κ(v) is ordinary as a point of A g we obtain, taking formal completions at x, formal schemes S x ⊂ A x over W κ(v) . Now A x has a canonical structure of a formal torus, and it is known that S x is a formal subtorus of A x . (At finitely many places v this requires a slight refinement.) If S is of PEL type this follows from the results of Deligne and Illusie in [4] ; in the general case this was proven by Noot in [25] . Thus, S x "inherits" a formal group structure from A x .
However, in the situation just considered it may happen that the special fibre of S does not meet the ordinary locus of A g . In that case the previous results give us nothing. To arrive at a meaningful theory we need a new notion of ordinariness. This is where the work starts.
0.3. Definition of ordinariness. Let A be an abelian variety over a field K of characteristic p. For simplicity assume that A admits a prime-to-p polarization. There are several ways to define what it means for A to be ordinary. One possible definition is based on the classification of Barsotti-Tate groups up to isogeny over an algebraically closed field (Dieudonné, Manin). So, if K ⊂ k = k then A with dim(A) = g is ordinary if A k [p ∞ ] is isogenous to (Q p /Z p ) g ×Ĝ g m . Another approach uses only the p-kernel of A. Namely, we have A[p](k) ∼ = (Z/pZ) f for some f ∈ {0, . . . , g}, called the p-rank of A. Then another definition of ordinariness is given by the condition that the p-rank is maximal, i.e., f = g. This is equivalent to the statement that A k [p] is isomorphic, as a group scheme, to (Z/pZ) g × µ g p . It is well-known that the above two definitions of ordinariness are equivalent. What is more, if A is ordinary then A k [p ∞ ] is even isomorphic to (Q p /Z p ) g ×Ĝ g m . The two approaches to ordinariness are best viewed in terms of stratifications of A g . On the one hand, the classification of BT (Barsotti-Tate groups) up to isogeny gives rise to a Newton Polygon stratification of A g in characteristic p. Two moduli points are in the same NP-stratum iff the associated BT are isogenous. On the other hand, there is a classification of p-kernel group schemes over k = k up to isomorphism, due to Kraft. This gives rise to the so-called EkedahlOort stratification of A g ⊗ F p , in which two points are in the same stratum iff the associated p-kernel group schemes are isomorphic. For more details about these stratifications we refer to Oort, [26] and [27] and Rapoport's report [28] . Although the two stratifications are in many respects very different, they each have a unique open stratum (the ordinary locus), and part of what was said above can be rephrased by saying that these two open subsets of A g ⊗ F p are actually the same.
Let us now consider a PEL moduli problem. We restrict our attention to primes of good reduction. Essentially this means that we work in characteristic p > 2 such that (with O as in 0.1) O ⊗ Z p is a maximal order in a product of matrix algebras over unramified extensions of Q p . The PEL moduli problem is represented by a stack A D which is smooth over a finite unramified extension O E,v of Z p ; here the subscript D refers to the precise data that have been fixed in order to define the moduli problem.
To a triple A = (A, ι, λ) we can associate X := A[p ∞ ] with its induced action of O ⊗ Z p and polarization λ. A classification theory for such triples X := (X, ι, λ) up to isogeny was developed by Kottwitz [14] and Rapoport and Richartz [29] . Their results give rise to a stratification of A D ; we refer to this as the (generalized) NP stratification. A point x ∈ A D is said to be µ-ordinary if it lies in an open (= maximal-dimensional) NP stratum.
On the other hand, we may consider Y := A[p] with its induced action of O ⊗ F p and polarization λ. A classification of such triples Y := (Y, ι, λ) was given by the author in [22] . (This extends results of Kraft [16] and of Oort [26] in the Siegel modular case; in the Hilbert modular case our results had previously been obtained by Goren and Oort [8] .) Again this gives rise to a stratification of A D , referred to as the (generalized) EO stratification. See also Wedhorn [36] . We say that a point x ∈ A D is [p]-ordinary if it lies in an open EO stratum.
Our results in [22] include a completely explicit description of the triples Y that occur, in terms of their Dieudonné modules. In particular, we can describe the triple Y that corresponds to the [p]-ordinary stratum directly in terms of the data D used in the formulation of the moduli problem. What is more, we can also give an explicit Barsotti-Tate group X ord (D) with polarization and O ⊗ Z p -action such that its p-kernel is of the [p]-ordinary type. We refer to X ord (D) as the standard ordinary object determined by the data D; it should be thought of as taking the role that is played by (Q p /Z p ) g ×Ĝ g m in the classical theory. With these notations the main result obtained in sections 1.3 and 3.2 is the following. This theorem gives us a well-defined ordinary locus in A D in characteristic p. We remark that if A is ordinary then in general it is not true that the underlying abelian variety A is ordinary in the classical sense. In fact, given the PEL data D it is very easy to decide whether the underlying A is ordinary or not; see 1.3.10 .
In [23] we have proven a dimension formula for the Ekedahl-Oort strata on A . In particular, we show that the [p]-ordinary stratum is the unique EO-stratum of maximal dimension. Combined with the theorem this gives a new proof of the main result of Wedhorn [34] :
Corollary. (Wedhorn) -The ordinary locus is Zariski dense in
A D .
Deformation theory of ordinary objects.
If x ∈ A D (K) is an ordinary moduli point (in the "new" meaning of the term) then we have, at least over k = k, a completely explicit description of the corresponding triple X. Note that X k is independent of the ordinary point x. This becomes particularly relevant when we study deformations of ordinary objects, as it implies that the structure of the formal deformation space D := Def(A x ) is (geometrically) the same for all ordinary points x.
In order to explain our results on deformation theory, it is perhaps best to look at an example. So, let us suppose that we have a CM-field Z of degree 2m, with totally real subfield Z 0 . Suppose p is a prime number that is totally inert in the extension Q ⊂ Z 0 and that splits in Z. Consider an order O ⊂ Z which is maximal at p. If q = p m then O ⊗ Z p ∼ = W (F q ) × W (F q ), and the non-trivial automorphism of Z/Z 0 acts by interchanging the two factors W (F q ). The triples X = X = A[p ∞ ], ι, λ arising in our moduli problem are of the following form. We have X = X 1 × X D 1 , where X 1 is a BT with a given action of W (F q ), where X D 1 is its Serre-dual with induced W (F q )-action, and where the polarization is obtained from the duality between the two factors. Hence we are reduced to the study of BT with W (F q )-action, without any polarization. We shall from now on use the letter X for this somewhat simpler object.
At this point we can make the role of the "CM-type" more visible. Namely, suppose X = (X, ι) is a BT with W (F q )-action, over a field k = k with char(k) = p. Let M be the Dieudonné module of X. Let I be the set of embeddings F q → k. Note that this is a set of m elements that comes equipped with a cyclic ordering: if i ∈ I then we write i + 1 := Frob k
• i for the successor of i. Now M , being a module over W (F q ) ⊗ Z p W (k) = i∈I W (k), decomposes into character spaces: M = ⊕ i∈I M i . Frobenius and Verschiebung restrict to maps F : M i → M i+1 and V : M i ← M i+1 . An easy lemma shows that d := rk W (k) (M i ) is independent of i; we call it the height of X. Next we define the multiplication type to be the function f: I → {0, 1, . . . , d} given by f(i) := dim k Ker(F : M i /pM i → M i+1 /pM i+1 ) .
In the formulation of the moduli problem A D , the invariants d and f are fixed. The structure of the ordinary object X ord = X ord (d, f) can be made fully explicit and depends only on the pair (d, f). We find a natural slope decomposition X ord = X (1) × · · · × X (r) . This is analogous to the decomposition of (Q p /Z p ) g ×Ĝ g m into its ind-étale part (Q p /Z p ) g (slope 0) and its indmultiplicative partĜ g m (slope 1). But, in contrast with the classical case, we can have any number r 1 of slopes. (In fact, r − 1 is the cardinality of the set
.) The bigger r, the more complex the structure that we find on the formal deformation space D:
One slope. If r = 1 then we find that X ord = X (1) is rigid, meaning that its formal deformation functor is pro-represented by W (k). In particular, there is a unique lifting X can of X ord to a BT with W (F q )-action over W (k).
Two slopes. In this case we find a nice generalization of the Serre-Tate formal group structure on the formal deformation space. Suppose X ord = X (1) × X (2) . If R is an artin local W (k)-algebra with residue field k then the factors X (ν) each admit a unique lifting X (ν) over R. The first thing we show is that every deformation of X is an extension of X (1) by X (2) . As in the classical case, it follows that the formal deformation space D has the structure of a formal group over W (k). The W (F q )-action on the two factors X (ν) induces an action on the formal group D. 
is isoclinic (one slope), so by the above it has a canonical lifting X can (1, f ′ ) over W (k). The result that we find is as follows.
Theorem. -With notation as above, the formal deformation space D = Def(X ord ) has a natural structure of a BT with W (F q )-action over W (k), and we have
It is nice to compare this with the classical ordinary case: If the underlying abelian variety A is ordinary in the classical sense then we have g 1 (i) = 0 and g 2 (i) = 1 for all i ∈ I , hence f ′ (i) = 1 for all i. This is precisely the case where D is a formal torus.
More than two slopes. If X ord = X (1) ×· · ·×X (r) with r > 2 then we no longer find the structure of a formal group on the formal deformation space D. We introduce a new notion, called an r-cascade, and we show that D naturally admits such a structure. For 1 a < b r, let us introduce the notation X (a,b) := b ν=a X (ν) . A key observation is that for any deformation of X we can lift the slope filtration. More precisely: if X is a deformation of X then there is a unique filtration by sub-objects
such that the special fibre of X (a,r) is X (a,r) . As a consequence we find that we can arrange the formal deformation spaces D (a,b) := Def X (a,b) in a "tower":
Saying that D (1,r) = Def(X) has the structure of an r-cascade essentially means that in each diamond
in the tower, viewing D ′′′ as the formal base scheme, D ′ and D ′′ have the structure of a relative formal group, and that D has the structure of a biextension over D ′ × D ′′ . The structure groups occuring in these biextensions can all be made explicit in terms of "subtraction of multiplication types", as in the case of two slopes. Even though an r-cascade is (for r > 2) a more complicated object than a formal group, it has a number of "group-like" features that play a role in Serre-Tate theory. Thus, for instance, D has an origin, corresponding to a canonical lifting of A. Also we have the notion of a torsion point, and we show, for k = F p , that the torsion points of D correspond precisely to the CMliftings of A, as in the classical theory. 0.5. As is well-known, PEL moduli problems break up in three cases, labelled A, C and D. The example that we have taken in 0.4 is of type A, which tends to produce the most interesting new phenomena. In Case C we essentially only find structures that are already covered by classical Serre-Tate theory. Case D, finally, is technically the most problematic. Despite the extra work, we have included type D throughout the paper. This requires that, in addition to the invariants d and f, we keep track of a further discrete invariant, δ. 0.6. In the final section of this paper we discuss an application of our theory. In 4.1 we introduce the moduli spaces A D and we discuss how they decompose as a union of Shimura varieties. We discuss the possible values that the discrete invariants (d, f, δ) can take on these components, and we give some results on their fields of definition.
In section 4.2 we study congruence relations. The conjecture, as formulated by Blasius and Rogawski in [1] , is that the Frobenius correspondence Φ on (the Shimura components of) A D in characteristic p satisfies a certain polynomial relation of which the coefficients are Hecke correspondences. This Hecke polynomial H (G ,X ) is defined in a purely group-theoretic way, starting from a Shimura datum (G , X ).
Most of the material in section 4.2 closely follows Wedhorn's paper [35] . The approach taken here is the one of Chai and Faltings in Chapter VII of their book [6] . The main result of this section is that the desired relation H (G ,X ) (Φ) = 0 holds over the ordinary locus. We refer to the body of the text for a precise statement. 0.8. Notation. We typically use the letter X for Barsotti-Tate groups and Y for BT 1 . The Diedonné module of X (resp. Y ) is called M (resp. N ). In discussions about BT n for arbitrary n ∈ N∪{∞} we use the letter X. For deformations we often use X and Y . For abelian varieties we use the letter A. Underlined letters represent objects equipped with an action of a given ring and possibly also a polarization. §1. Ordinary Barsotti-Tate O-modules 1.1. BT 1 with O-structure.
1.1.1.
We fix a prime number p. For the definition of a Barsotti-Tate group (= p-divisible group) and a truncated Barsotti-Tate group we refer to Illusie [9] . We abbreviate "Barsotti-Tate group" to BT ∞ or simply BT, and "truncated Barsotti-Tate group of level n" to BT n .
Let O be a Z p -algebra. Let n ∈ N ∪ {∞}. By a BT n with O-structure over a basis S we mean a pair X = (X, ι) where X is a BT n over S and ι: O → End S (X) is a homomorphism of Z p -algebras. (An alternative name would be "BT n O-module", which is less satisfactory for typographical reasons.)
We shall study BT n using contravariant Dieudonné theory as in Fontaine [7] .
1.1.2. Let B be a finite dimensional semi-simple F p -algebra. Let k be an algebraically closed field of characteristic p. The first problem studied in [22] is the classification of BT 1 with Bstructure over k. This generalizes the work of Kraft [16] , who classified group schemes killed by p without additional structure. We shall briefly review our results. Write κ for the center of B. Then κ is a product of finite fields, say κ = κ 1 × · · · × κ ν . Let I = I 1 ∪ · · · ∪ I ν be the set of homomorphisms κ → k.
Consider pairs (N, L) consisting of a finitely generated B ⊗ F p k-module N and a submodule L ⊂ N . Note that the simple factors of B ⊗ F p k are indexed by I , so we get canonical decompositions N = ⊕ i∈I N i and L = ⊕ i∈I L i . Define two functions d, f: I → Z 0 by d(i) = length(N i ) and f(i) = length(L i ), takings lengths as B ⊗ F p k-modules. The pair (d, f) determines the pair (N, L) up to isomorphism.
To the pair (N, L) we associate an algebraic group G over k and a conjugacy class X of parabolic subgroups of G. First we define
Then the stabilizer P := Stab(L) is a parabolic subgroup of G, and we define X := conjugacy class of parabolic subgroups of G containing P .
1.1.3.
Let Y = (Y, ι) be a BT 1 with B-structure over k. Write N for the Dieudonné module of Y and let L := Ker(F ) ⊂ N . Let (d, f) be the corresponding pair of functions. It can be shown (see [22] , 4.3) that the function d is constant on each of the subsets I n ⊂ I . We refer to (d, f) as the type of (Y, ι). f) . Let (G, X) be the associated algebraic group and conjugacy class of parabolic subgroups. Let W G be the Weyl group of G, and let W X ⊂ W G be the subgroup corresponding to X.
To a pair Y = (Y, ι) of type (d, f) we associate an element w(Y ) ∈ W X \W G . This is done as follows. Write (N, F, V ) for the Dieudonné module of Y . As Y is a BT 1 we have Ker(F ) = Im(V ) and Im(F ) = Ker(V ). Using this, one can show that there exists a filtration
that is the coarsest filtration with the properties that (i) for every j there exists an index f (j) ∈ {0, 1, . . . , r} with F (C j ) = C f (j) ; (ii) for every j there exists an index v(j) ∈ {0, 1, . . . , r} with
We refer to this filtration as the canonical filtration of N .
This allows us to view C• as a filtration of N 0 . Choose any refinement F• of C• to a complete flag. The relative position of L 0 and F• is given by an element w(L 0 , F•) ∈ W X \W G . It can be shown that this element is independent of the choice of ξ and the refinement F•; see [22] , especially 4.6 for details. Now define w(Y ) := w(L 0 , F•).
With these notations, the first main result of [22] can be stated as follows.
1.1.6. We retain the notation of 1.1.2. Note that Aut(k) naturally acts on the set Z I .
Fix a type (d, f). Assume that the function d: I → Z 0 is constant on each of the subsets I n ⊂ I ; this is equivalent to the condition that d is invariant under Aut(k). Next consider Stab(f) := {α ∈ Aut(k) | α f = f}. We define E(d, f) ⊂ k to be the fixed field of Stab(f). For instance, if B is a simple algebra, let m 0 be the smallest positive integer with the property that f(i + m 0 ) = f(i) for all i ∈ I ; then E(d, f) ⊂ k is the subfield with p m 0 elements. We refer to E(d, f) as the "mod p reflex field"; see Remark 4.1.11 for an explanation of this terminology.
Let K ⊂ k be a perfect subfield. Let Y be a BT 1 with κ-structure over K of type (d, f). We claim that the existence of such an object implies that E(d, f) ⊂ K. To see this we may replace k by the separable closure of K. If α ∈ Aut(k) then α Y has type (d, α f). The assumption that Y is defined over K therefore implies that Gal(k/K) ⊂ Stab(f).
1.1.7. The study of BT 1 with B-structure easily reduces to the case that B = κ is a finite field. Indeed, as the Brauer group of a finite field is trivial we have B ∼ = M r 1 (κ 1 )× · · · × M r l (κ l ), where the κ n are finite fields, char(κ n ) = p. Fixing such an isomorphism, every BT 1 with B-structure
where Y n is a BT 1 with κ n -structure.
If B = κ is a finite field, I is simply the set of embeddings κ → k. This set comes equipped with a natural cyclic ordering: if i ∈ I we write i+1 := Frob k
• i for its successor. Let M be the free W (k)-module with basis e i,j for i ∈ I and j ∈ {1, . . . , d}. Write
, and let a ∈ O act on M i as multiplication by i(a) ∈ W (k). Next define Frobenius and Verschiebung on base vectors by
These data define a Dieudonné module M ord = M ord (d, f) with O-structure, and we define X ord to be the corresponding BT with O-structure. It is easily verified that X ord is indeed
[p]-ordinary; cf. [22] , 4.9.
1.2.4.
Remark. -Take d = 1 and f(i) = 0 for all i. We write X et for the corresponding standard ordinary BT. If K is the fraction field of O then X et is none other than the ind-étale p-divisible group K/O with its natural O-structure. The underlying BT without O-structure is isomorphic to (Q p /Z p ) m . Let X mult be the standard ordinary object corresponding to d = 1 and f(i) = 1 for all i; it is the Serre dual of X et . The underlying BT in this case is (Ĝ m ) m .
In general, we do not know a description of X ord as a functor, other than using the "inverse Dieudonné functor" M → X as in Fontaine [7] , III, 1.3. 
Let 0 λ 1 < λ 2 < · · · < λ r be the integers occurring as a j for some j; note that there are precisely r of them. Let d ν := #{j | a j = λ ν } and define functions
With the obvious meaning of the notation we have
. Finally we define Ord(d, f) to be the polygon with slopes a j (j = 1, . . . , d).
Consider the Dieudonné module
the subspace i∈I k · e i,j of N is a Dieudonné submodule, stable under the action of κ. We find that N ord is a direct sum of d objects of height 1. Grouping together isomorphic layers we get a decomposition into isotypic components 
Proof. By definition, Y being [p]-ordinary means that it is isomorphic to Y ord . As such an isomorphism is unique up to an element of Aut(Y ord ) we see that (ii) is an immediate consequence of (i). The proof of (i) is an easy exercise, using arguments as in [23] , section 2.2.
As mentioned in 1.2.6, Y is isomorphic to a product of d objects of height 1; note however that this finer decomposition is not canonical, unless r = d.
1.3. Ordinary BT with O-structure.
1.3.1. Situation as in 1.2.1. Let M = (M, F, V, ι) be the Dieudonné module of X. We have a natural decomposition into character spaces M = ⊕ i∈I M i . Frobenius and Verschiebung restrict to σ-linear maps
Let #κ = p m , so that I has m elements. For i ∈ I , define the σ m -linear endomorphism
In particular, the Newton polygon of (M i , Φ i ) is independent of i ∈ I . We refer to this as the Newton polygon of X. (This must not be confused with the Newton polygon of X.) By contrast, easy examples show that in general the Hodge polygon of (M i , Φ i ) does depend on i. Proof. This is an application of the theory of isocrystals with additional structure; see Kottwitz [14] and Rapoport and Richartz [29] . We sketch the argument. Let K be the fraction field of O. Write Q for the fraction field of W (k). Set d := height(X), and let Γ := Res K/Q p GL d . The isogeny class of X is classified by M ⊗ Z p Q p , which is an isocrystal with Γ-structure. This isocrystal, in turn, is classified by a σ-conjugacy class in Γ(Q). The set B(Γ) of such σ-conjugacy classes is studied by means of a so-called Newton map B(Γ) → N (Γ); in our situation this is simply the map which associates to M ⊗ Z p Q p the Newton polygon of (M i , Φ i ). Letb ∈ B(Γ) be the σ-conjugacy class of b ∈ Γ(Q). To the element b one associates an algebraic group J b , and it is shown (see [29] , Prop. 1.17) that the fibre of the Newton map that containsb is in bijection with H 1 (Q p , J b ). Further, J b is an inner form of a Levi subgroup of Γ. In our situation this means that J b is an inner form of a product of general linear groups. Hence H 1 (Q p , J b ) = 0 and the Newton map is injective.
1.3.3.
Definition. -Let X be a BT with O-structure over k, of type (d, f). We say that X is µ-ordinary if its Newton polygon equals the polygon Ord(d, f) defined in 1.2.5.
The terminology "µ-ordinary" follows Wedhorn's paper [34] . 
is zero, which is equivalent to saying that F ν : M ν → M ν+1 lands inside p · M ν+1 . As Φ i is obtained as a composition of all F ν , the lemma follows.
1.3.6. Lemma. -Let R be a complete local ring with char(R/m) = p. Let ρ be an automorphism of R. Let C 1 , C 2 , C 3 and C 4 be matrices with coefficients in R, of sizes r × s, s × s, s × r and r × r, respectively. Assume that C 2 is invertible. Then the matrix equation
has a solution for X ∈ M r×s (R).
Proof. The idea is simply that a solution has the form X = −C 1 C −1
2 , the coefficients of the new equation are given by
Iterating this we obtain a power series development for X, which converges because R is padically complete. 
Proof. Recall the definition of r (= the number of slopes) in 1.2.5. We first prove the theorem under the assumption that it is true for r = 1.
. Now assume that X is µ-ordinary and that r > 1. The first assumption means, by definition, that the Newton polygon of X equals Ord(d, f). Let q be index such that a 1 = a 2 = · · · = a q < a q+1 . (Note that not all a j are equal, as r > 1.) By Mazur's basic slope estimate (see [10] , Thm. 1.4.1), Ord(d, f) lies on/above the Hodge polygon of (M i , Φ i ), for every i ∈ I . Combining this with Lemma 1.3.5 we find that the first q slopes of these polygons are equal, i.e., a 1 = b
q . Katz [10] , Thm. 1.6.1, then tells us that (M i , Φ i ) decomposes:
in such a way that
It easily follows from Lemma 1.3.4 that X ′ and X ′′ are again µ-ordinary. By induction on the number r we may then assume that each is isomorphic to a standard ordinary BT with O-structure. (Here we use the assumption that the theorem is true for r = 1.) This readily implies that X is isomorphic to the standard ordinary BT of type (d, f) and that X is [p]-ordinary. Next assume that X is [p]-ordinary. As usual we write N = M /pM for the Dieudonné module of Y . Our assumption means that N ∼ = N ord (d, f). Define q as above. By 1.2.7 we have
We want to show that there is a sub-crystal
As we have seen in Lemma 1.3.5, Φ i is divisible by p a 1 ; hence we can define a σ m -linear endomor-
This is shown by the same argument as in 1.3.5; note that the number of elements i ∈ I for which F :
is zero is > a 1 , by construction of N ′′ . The other property we need is that
To see this we have to look back at the definition of Ψ i . For each F ν : M ν → M ν+1 (with ν ∈ I ) there are two possibilities. Either (F ν mod p) = 0. If this happens and y ∈ M ν with 0 = y ∈ N ′ ν then it follows from (1.3.7.1) that also 0 = F ν (y) ∈ N ′ ν+1 . The other possibility, which occurs precisely a 1 times, is that (F ν mod p) = 0. In this case, let y Let
Properties ( with B 1 an invertible matrix (of size q × q). Further, the chosen basis gives rise to a bijection
by sending a matrix A = (a t,u ) q+1 t d,1 u q to
. Lemma 1.3.6 tells us that there exists an A with this property.
We proceed as follows. Choose a matrix A such that M
On the level of BT with O-structure we find that X sits in an exact sequence
is the one given by the Dieudonné module N ′ (resp. the Dieudonné module N/N ′ ∼ = N ′′ ). Hence X ′ and X ′′ are both [p]-ordinary. By induction on the number r we may assume that X ′ and X ′′ are µ-ordinary, and as X is isogenous to X ′ × X ′′ it follows that also X is µ-ordinary. (Note that (1.3.7.4) splits, as now follows using (a) ⇒ (c).) To finish the proof of the theorem we have to consider the case r = 1. If r = 1 then for all i ∈ I , either f(i) = 0 or f(i) = d. But for such a type there is only one BT 1 with κ-structure, up to isomorphism. So if X is any BT with O-structure with r = 1 then X is [p]-ordinary. On the other hand, in the first part of the proof we have seen that X is also µ-ordinary. Finally, in the last part of the proof we have seen that
such that Ψ i (e i,j ) = e i,j . Now we choose bases for the character spaces M i+n , for n = 1, . . . , m, by induction:
Our choice of the e i,j is such that e i+m,j = e i,j . The conclusion is that M is isomorphic to the standard ordinary Dieudonné module of the given type. This completes the proof.
If X is a BT with O-structure over K then we say that X is ordinary if X ⊗ K k satisfies the equivalent conditions of 1.3.7 for some (equivalently: every) field k = k ⊃ K.
1.3.9.
Remark. -Thus far we have defined ordinariness only for BT with O-structure, where O is a finite unramified extension of Z p . We can extend this, in an obvious way, to the situation where O is a maximal order in a product of matrix algebras over finite unramified extensions of Q p . We leave this to the reader.
1.3.10.
Remark. -Let X = (X, ι) be an ordinary BT with O-structure over k = k, of type (d, f). As usual we let m = [O : Z p ]. Then X, the underlying BT (without O-structure), is not, in general, ordinary in the classical sense. In fact, using our explicit description of
and the notation of 1.2.4, we find
c) X is ordinary if and only if f is a constant function on I . In terms of the "mod p reflex field" E(d, f) defined in 1.1.6 we find that X is ordinary if and only if E(d, f) = F p . This result is to be compared with [34] , Thm. 1.6.3.
, and let
be the decomposition of the corresponding standard ordinary BT over k = k, as in 1.2.6. Then
Proof. Easy exercise. 
Proof. This follows from 1.3.11 using descent. §2. Deformation theory of ordinary objects Let (R, β) ∈ C W (K) . If X is a BT n with O-structure over K then by a deformation, or lifting, of X over (R, β) we mean a pair (X , α) where X is a BT n with O-structure over R and α: X ⊗ R,β K ∼ −→ X. In practice we often omit β from the notation. The formal deformation functor of X is the covariant functor Def(X): C W (K) → Sets whose value on a pair (R, β) is the set of isomorphism classes of deformations of X over R.
2.1.2.
Situation. -Let K be a perfect field of characteristic p > 0. Let O be an unramified extension of Z p of degree m with residue field κ; in other words:
. We write r for the number of slopes, as defined in 1.2.5. (Wedhorn, [36] ). -Situation as above. Write T (resp. T D ) for the tangent space of X (resp. X D ) at the origin.
Proposition

(i) The functor Def(X) is pro-representable and formally smooth over W (K). (ii) The functor Def(Y ) is formally smooth over W (K). The canonical map
(iii) The tangent spaces of Def(X) and Def(Y ) are both canonically isomorphic to the K-
and via these identifications γ induces the identity map on tangent spaces.
2.1.4.
In the situation of the proposition, the tangent space of Def(X) can also be described in terms of the Dieudonné module N of Y . Namely, there are natural isomorphisms T ∼ = N [F ] := Ker(F ) and
∨ . This gives that over k = k the tangent space of Def(X) is
Proof. The assumption means that for all i ∈ I either f(i) = 0 or f(i) = d. 
With the obvious notion of a morphism, such 4-tuples form a category MF 
. See [21] , § 4 for further discussion.
2.1.7.
We need a description of the 4-tuple M , Fil 1 (M ), ∇, F M corresponding to the universal deformation of an ordinary BT with O-structure, O a finite unramified extension of Z p . We use a construction due to Faltings [5] . We start with the Dieudonné module M of X. If (d, f) is the type of X then on the standard basis {e i,j } for M (as in 1.2.3) the Hodge filtration is given by
, the stabilizer of M 0 is a parabolic subgroup. Let U be its unipotent radical. In down-to-earth terms, U = i∈I U i with
where the upper right-hand block has size d − f(i) × f(i). Let A be the completed local ring of U at the identity element. Thus, A is a formal power series ring
r,s , where the indices range over i ∈ I , over r ∈ {d + 1 − f(i), . . . , d} and s ∈ {1, . . . , d − f(i)}. It will be convenient to formally put u (i) r,s = 0 if r or s is not in the specified range. Define ϕ A : A → A to be the lifting of Frobenius with (ϕ A ) |W (k) = σ and ϕ A (u
Note that we have a tautological element 
Then there is a unique topologically quasi-nilpotent connection
so that we have a slope filtration
Proof. The unicity is an easy consequence of Grothendieck-Messing deformation theory. It suffices to prove the existence in the case that K = k is algebraically closed; the general case then follows by descent, using the unicity of the lifted filtration. Further it clearly suffices to show that the desired filtration exists in case X is the universal deformation of X. Finally it suffices to show that X (2,r) lifts to a sub-object of X .
We use the description of the universal deformation of X given in 2.1.7 and 2.1.8. Let M ′ ⊂ M be the submodule corresponding to the quotient X → → X/X (2,r) = X (1) .
is the one corresponding to the quotient-crystal.
In the proof of the claim we use the standard basis {e i,j } for the module M . Let {f i,j } be the corresponding basis for M ⊗ A,ψ A A; concretely,
With respect to these bases Frobenius is given by
The connection ∇ decomposes into factors 
Here recall that we formally put u
Comparing coefficients of e i+1,ν (for fixed ν ∈ {1, . . . , d}) we find
Now we specialize to the case that ν d ′ and j < d
By induction on n this readily implies that for all i ∈ I , all ν d
This is what we wanted to prove.
Cascades.
2.2.1. Definition. -Let T be a topos with final object S. Let r be a positive integer. An r-cascade in T consists of the following data:
(2) objects Γ (i,j) for 1 i < j r; if i j then we put Γ (i,j) := S;
Part (4) of the data is meaningful by induction on j − i. If j = i + 1 then, by convention, Γ (i,j−1) = Γ (i+1,j) = S and (4) means that Γ (i,j) is to be equipped with the structure of a commutative T -group isomorphic to G (i,j) . If j = i + m and data as in (4) are available on all Γ
and Γ (i+1,j) both have the structure of a commutative group over Γ (i+1,j−1) (as part of their structure of a biextension), so that (4) is meaningful for Γ (i,j) . 
We often refer to a cascade by the single letter Γ. We call the G (i,j) the group-constituents of the cascade and
If Γ is an r-cascade, r 2, then Γ (1,r−1) and Γ (2,r) both inherit a natural structure of an (r − 1)-cascade.
2.2.3.
Definition. -Let Γ and ∆ be r-cascades, with group constituents G (i,j) and
and homomorphisms of groups h (i,j) :
satisfying the following two conditions.
(a) The maps f (i,j) are compatible, in the obvious sense, with the given morphisms λ and ρ; symbolically we may write this as the conditions that
i < j r, let a "˜" denote a base change via f (i+1,j−1) , and writẽ
is a homomorphism of biextensions over Γ (i+1,j−1) .
2.2.4.
Definition. -Let Γ be an r-cascade. Let x ∈ Γ (1,r) (R) be an R-valued point, for some R ∈ T . By induction on r we define what it means for x to be a torsion point: If r = 1 then every x is torsion. If r 2 then we say that x is a torsion point if (a) λ(x) ∈ Γ (1,r−1) (R) and ρ(x) ∈ Γ (2,r) (R) are torsion points;
(b) x is a torsion point of Γ (1,r) viewed as a group over Γ (1,r−1) , and also a torsion point of Γ
(1,r) viewed as a group over Γ (2,r) .
Note that if (a) holds then in (b) it suffices to require that x is a torsion point for one of the two group laws. To see this one uses that a biextension of a pair of groups (Γ 1 , Γ 2 ) by a third group has a canonical trivialization over {0} × Γ 2 and over Γ 1 × {0}.
2.2.
5. An r-cascade Γ has a natural zero section 0 ∈ Γ(S). As in the above we define it by induction on r. We leave the details to the reader.
2.2.6. Definition. -Let Γ be an r-cascade. Then we define the dual cascade, notation Γ ∨ , to be the r-cascade obtained after replacing all index pairs (i, j) by (r + 1 − j, r + 1 − i). Thus, the group constituents are G ∨,(i,j) := G (r+1−j,r+1−i) , the truncations are Γ ∨,(i,j) := Γ (r+1−j,r+1−i) , and the biextension structures are the same (after re-indexing) as those occurring in Γ.
2.3. The cascade structure on the deformation space.
2.3.1. Situation as in 2.1.2. We first study the case that the Newton polygon of X has precisely two slopes, i.e., r = 2. By 1.3.12 we have a decomposition X = X (1) × X (2) where the factors are both isoclinic. As shown in 2.1.
over R, for ν ∈ {1, 2}. If we want to indicate over which ring R we are working we use the notation X (ν)
R . Consider the category EXT X (1) , X (2) of extensions of X (1) by X (2) as fppf sheaves of O-modules over R. If there is no risk of confusion we simply write EXT R for this category, and Ext R denotes the set of isomorphism classes in EXT R .
Let X be an object of EXT R . It follows from [19] , I, (2.4.3) that, forgetting the structure of an extension, X is again a BT with O-structure. By looking at the Newton polygon, using [10] , Lemma 1.3.4, we see that X ⊗ R K is ordinary. Applying Thm. 1.3.7, and using that here are no non-trivial homomorphisms from X
(1) to X (2) , it follows that there is a unique trivialization
as extensions.
2.3.2.
Let X be as in 2.1.2, and assume r = 2.
As functions on I we have
is isoclinic, so by 2.1.5 it has a unique lifting X can (1, f ′ ) to a BT with O-structure over W (k).
2.3.3.
Theorem. -Let X be as in 2.1.2 with r = 2. With notations as above, the category EXT R is equivalent to the category DEF R (X) of deformations of X over R. The functor Def(X) has a natural structure of a BT with O-structure over W (K). If k is an algebraically closed field containing K then
as BT with O-structure.
Proof. If X is an object of EXT R , let α:
be the unique trivialization of X ⊗ K as extension. Forgetting the structure of an extension on X , the pair (X , α) is a deformation of X over R. One easily checks that this defines a functor h: EXT R → DEF R (X).
In the opposite direction, suppose (X , β) is a deformation of X over R. By 2.1.9 and rigidity of X (2) we have X (2) ֒→ X . By [19] , I, (2.4.3) the quotient X /X (2) is again a BT with Ostructure. By rigidity of X (1) it then follows that X is an extension of X (1) by X (2) , in such a way that the given identification β: X ⊗ R K ∼ −→ X becomes a trivialization of the extension over K. This gives a quasi-inverse to the functor h.
We find that Def R (X) ∼ = Ext R , which has a natural group structure. Hence Def(X) has the structure of a smooth formal group over W (K). Further, O acts on it through its action on X (1) .
Let us now show that Def(X) is a BT. By [19] , II, (4.3) and (4.5) it suffices to show that for every R ∈ C W (K) multiplication by p is an epimorphism of Def(X) ⊗ R to itself. For this it is enough to show that D := Def(X) ⊗ W (K) K is a BT over K. Further we may assume that K = k = k. (Another proof of these reduction steps can be found in Conrad's notes [3] , § 3.1) By the classification theory of formal groups (see Manin [18] , II.4), in order to conclude that D is a BT it suffices to show that D[p] is a finite group scheme.
As usual we write
Let R be an artinian local k-algebra. We have an exact sequence
where the Hom( ) denotes homomorphisms of sheaves of O-modules over R. Clearly we have Hom Y
(1)
, and as a functor in k-algebras R the latter is representable by a group scheme G := Hom Y
(1) , Y (2) . But G is isomorphic to a closed subgroup scheme of the group scheme Aut Y , which is finite by [23] In order to prove the last assertion of the theorem we may assume that K = k, and one easily reduces to the case that
follows from the rigidity result 2.1.5.
From now on we assume that
is isomorphic to the tangent space of D at the origin, so 2.
as modules over O ⊗ k. By our classification results the proof is complete if we can show that N D , which is a free module over O ⊗ k, is of rank 1. We shall use a result of Raynaud [30] to prove that the affine algebra of G := Hom Y (1) , Y (2) has k-dimension (at most) equal to p m . Loc. cit., Cor. 1.5.1 tells us that the affine algebras of Y (1) and Y (2) are of the form
and a ∈ κ := O/pO acts on x i and y i as multiplication by i(a) ∈ k. If R is a k-algebra then a homomorphism Y
R is given by a homomorphism . To see this we can use Cartier duality, which interchanges cases (a) and (c). Alternatively, we can see that γ i+1 = γ p i by using the explicit formulas for the comultiplication given by [30] , Cor. 1.5.1. The conclusion is that the affine algebra A G of G is a quotient of the ring k[z i ; i ∈ I ]/c with c = z This is precisely the case that Def(X) is a formal torus. Of course, the formal group structure on Def(X) is in this case the same as the one defined by Serre and Tate.
(ii) As a corollary of the proof we find that Hom
2 , and that the first map in (2.3.3.2) is injective. This last result also follows from the fact that for R ∈ C W (K) we have Hom X
R = 0, as can be shown using [9] , Thm. 4.4.
2.3.5. Let K be a perfect field, char(K) = p > 0. Let W = W (K). Write FS W for the category of affine formal schemes X over W with the property that Γ(X, O X ) is a pro-finite W -algebra. By a theorem of Grothendieck, FS W is equivalent to the category of left-exact covariant functors C W → Sets.
On FS W we consider the flat topology; see SGA 3, VII B , 1.5. This topology is coarser than the canonical topology. Hence if we write FS W for the topos of sheaves (for the flat topology) then we have a natural functor i:
2.3.6. Construction. -Let X be as in 2.1.2. We are going to define the structure of a cascade on the formal deformation space of X. More precisely, write X = X Using Prop. 2.1.9 we obtain natural morphisms λ:
viewed as a BT with O-structure over W = W (K). We shall define the structure of an rcascade on the collection of data {Γ (a,b) , λ, ρ}, with group constituents G (a,b) . Here we work in the category FS W .
To begin with, fix indices a < b. We claim that we can choose coordinates such that
is given by
is the affine algebra of Γ (a+1,b−1) . This is an easy algebra exercise; one uses that each Γ (a,b) is formally smooth over W , and computes the induced maps on tangent spaces in terms of Dieudonné modules. In particular we find that the natural map
is formally smooth, hence topologically flat and surjective.
We want to define on Γ (a,b) the structure of a group over Γ (a,b−1) , as well as the structure of a group over
With similar arguments as in the proof of 2.3.3, one
shows that there is a bijection
The desired group structure on Γ (a,b) over Γ (a,b−1) is then obtained by transporting the group structure on Ext F , X . For this we use Grothendieck's notion of a blended extension ("extension panachée"); see SGA 7, IX, 9.3. We write Γ(?) for the fibre of ? ∈ Π(R) under π:
-the class of an extension 0
(The extensions live in the category of sheaves of O-modules over R.) With similar arguments as before we find that the fibre Γ(η 1 × ξ η 2 ) is in natural bijection with the set Extpan F 1 , F 2 of blended extensions of F 1 by F 2 . As shown in loc. cit., this set is either empty or it is is principal homogeneous under the group Ext X (a)
But we have already excluded the first option. Using the obvious functoriality with respect to R, and using that π: Γ (a,b) → Π is a flat covering, we find that, indeed, Γ 
by F 2 , and similarly for Γ(η 1 × ξ η ′ 2 ). This interpretation gives rise to maps
give the desired structure of a biextension; we leave it to the reader to verify that they satisfy all required compatibilities. 
For simplicity, write D := Def(X) and
this gives a morphism
This morphism is none other than the nth power relative Frobenius of D over K.
Fix an algebraically closed field k containing K. Define m 0 to be period of f, i.e., the smallest positive integer such that f(i + m 0 ) = f(i) for all i ∈ I = Hom(κ, k). (Cf. 1.1.6.) We are going to define a lifting
of ϕ m 0 . Recall that we have a decomposition X = X (1) × · · · × X (r) with X (ν) isoclinic of slope λ ν . Using that X is a K-form of the standard ordinary object of type (d, f) we see that
Note that λ ν m 0 /m ∈ Z for all ν. Now suppose X is a lifting of X over some R ∈ C W (K) . As shown in 2.1.9 we have a slope filtration
Define a finite subgroup scheme Q ⊂ X by
Note that Q ⊗ R K = X F m 0 . One easily verifies that X /Q is again a BT with O-structure over R, which is a lifting of X The proof of the proposition is tedious but straightforward; we leave it to the reader. We do not know if one can characterize the cascade structure on Def(X) by its property that Φ can defines a homomorphism, as in the "classical" ordinary case-cf. the appendix by Katz to [4] . is the lifting corresponding to the zero section of the cascade Def(X).
is the slope decomposition of X as in 1.3.12 then by 2.1.5 each isoclinic factor
, and
2.3.11. Let R be a complete local W (K)-algebra with residue field K. If X is a lifting of X over R then the natural map End R (X ) → End K (X) is injective; this follows from Illusie [9] , d) of Thm. 4.4. Write L for the fraction field of O. Recall that (d, f) is the type of X. Given a lifting X over R, writeR : using the explicit description of the ordinary type over k = k, it is clear that all endomorphisms of X lift to endomorphisms of X can . On the other hand, it is not difficult to see that X ′ is again ordinary, and that it is rigid.
(ii) To see that (a) ⇒ (b) we argue by induction on r, the number of slopes. We use the notation of 2.1.9. If r = 1 then X is rigid and there is nothing to prove. For r 2 we have an extension
By induction we may assume that X (2,r) , which is a lifting of X (2,r) , is isogenous to the canonical lifting
But if the class of the extension (2.3.12.1) is torsion then X is isogenous to X (2,r) × X
R .
Hence (a) implies (b).
That (b) implies (c) is immediate. For (c) ⇒ (a) we may assume that K = k is algebraically closed. Let L be the fraction field of O. Suppose that X is of CM-type, i.e., there is a commutative semi-simple L-subalgebra E ⊂ End 0 (X ) with dim L (E ) = d. Again we are going to use induction on r. For r = 1 there is nothing to prove. For r 2 it suffices to show that that the extension class of (2.3.12.1) is torsion and that X (2,r) is of CM-type, too. As End R (X ) ⊗ Q p maps injectively to
the algebra E is a product E 1 × · · · × E r with E j a field extension of degree d j of L. If O j is the ring of integers in E j then E ∩ End R (X ) is a subring of finite index in O 1 × · · · × O r . Further, every α ∈ End R (X ) maps X (2,r) ⊂ X into itself; indeed, the composition X (2,r) ֒→ X α −→ X → → X (1) R is zero, as it is zero on the special fibre for slope reasons. Of course, under the decomposition (2.3.12.2) the resulting homomorphism h:
is given by the projection onto the last (r − 1) factors. The kernel of h maps injectively to
. Combining these remarks we readily find that X (2,r) is of CM-type. Finally, because E ∩ End R (X ) is of finite index in O 1 × · · · × O r , there are non-zero integers n j such that (n 1 , 0, . . . , 0) and (0, n 2 , . . . , n r ) are both in End R (X ). This implies that the class of (2.3.12.1) is torsion. §3. Ordinary polarized Barsotti-Tate O-modules 3.1. Generalities on BT n with (O, * , ε)-structure.
3.1.1. From now on we assume that p > 2. If X is a commutative finite locally free group scheme over some basis S then we write X D for its Cartier dual. If X is a BT over S then we write X D for its Serre dual. In both cases there is a canonical isomorphism κ X :
Let n ∈ N ∪ {∞} and ε ∈ {±1}. If X is a BT n over a base scheme S then by an ε-duality of X we mean an isomorphism λ:
Such an ε-duality induces an involution f → f † on the ring End S (X). We also refer to an ε-duality as a polarization.
Let (O, * ) be a Z p -algebra equipped with a Z p -linear involution b → b * . Let ε ∈ {±1}. By a BT n with (O, * , ε)-structure over S we mean a triple X = (X, ι, λ) where (X, ι) is a BT n with O-structure and λ: X → X D is an ε-duality, such that ι(b
Let K be a perfect field, char(K) = p. Let σ be the Frobenius automorphism of W n (K). Then a BT n with (O, * , ε)-structure over K corresponds to a 5-tuple (M, F, V, ϕ, ι), where -M is a free W n (K)-module of finite rank,
is a perfect, ε-symmetric bilinear form, and
for all m 1 , m 2 ∈ M ; (3.1.1.1)
We shall mainly use this in the cases n = 1 and n = ∞.
3.1.2.
We call a Q p -algebra unramified if it is isomorphic to a product of matrix algebras over finite unramified field extensions of Q p . We are interested in BT n with (O, * , ε)-structure, where O is a maximal order in an unramified Q p -algebra. By Morita equivalence (see e.g. [12] , Chap. I, § 9), the study of such objects reduces to the following four special cases. Case C: O ∼ = W (κ), with κ a finite field, * = id and ε = −1.
, with κ a finite field, * = id and ε = +1. Case AU: O ∼ = W (κ), withκ ∼ = F p 2m a finite field of even degree over F p , with * = σ m the unique non-trivial involution, and ε = +1. Case AL: O ∼ = W (κ) × W (κ), with κ a finite field, with * given by (x, y) * = (y, x), and ε = +1.
In case AL every BT n with (O, * , +1)-structure is of the form X ∼ = X 1 × X D 1 , where X 1 is a BT n with W (κ)-structure, and where the +1-duality of X is given by switching the factors X 1 and X D 1 . This reduces case AL to the study of BT with O-structure.
3.1.3.
Let us now briefly review the second classification theorem proved in [22] ; this concerns a variant of Thm. 1.1.5 for polarized objects. We shall state the result in its general form, not only for the basic cases C, D and A.
Let (B, * ) be a finite dimensional semi-simple F p -algebra equipped with an involution b → b * . Let ε ∈ {±1}. Letκ be the center of B and κ := {z ∈κ | z * = z}. We can decompose (B, * )
as a product of simple factors, say (B, * ) = l n=1 (B n , * n ). Accordingly we have decompositions κ = κ n and κ = κ n . The κ n are finite fields. We have B n ∼ = M r n (κ n ) for some r n 1.
If * n is an involution of the second kind then eitherκ n ∼ = κ n × κ n orκ n is a quadratic field extension of κ n . We say in this case that (B n , * n ) is of type A. Next suppose * n is of the first kind; in this caseκ n = κ n . Set ε n = +1 if * n is orthogonal, ε n = −1 if * n is symplectic. We say that (B n , * n ) is of type C if ε · ε n = −1 and that it is of type D if ε · ε n = +1.
Let I = I 1 ∪· · ·∪I l be the set of homomorphisms κ → k. For X ∈ {C, D, A}, let I X ⊂ I be the union of all subsets I n ⊂ I for which (B n , * n ) is of type X. Let I = I 1 ∪ · · · ∪ I l be the set of homomorphismsκ → k. We have a restriction map res: I → I . For τ ∈ I definē τ := τ • * . If i ∈ I C ∪ I D there is a unique τ ∈ I with res(τ ) = i, and τ =τ ; if i ∈ I A there are precisely two elements τ ,τ ∈ I that restrict to the embedding i on κ. 
If there are no factors of type D then I D = ∅ and the invariant δ is void. With these notations the second main theorem of [22] is the following. 
, which is a BT 1 with (B, * , ε)-structure. Let (d, f, δ) be its type. Let (G 0 , X 0 ) be as in 3.1.6.
We should like to have a notion of ordinariness for the polarized object X. We shall take the same approach as in the non-polarized case. Thus, we define a notion of [p]-ordinariness, depending only on the structure of the p-kernel, and a notion of µ-ordinariness, depending only on the isogeny class of X. Our main goal is then to show that the two notions are equivalent, and that, working over k = k and fixing (d, f, δ), there is a unique ordinary object, up to isomorphism. For factors of type C or A, most of this is a rather straightforward extension of the results in the non-polarized case. The factors of type D require some extra work.
3.2.2.
Definition. -Situation as in 3.2.1. Let w ord ∈ W X 0 \W G 0 be the class of the longest element of W G 0 . We say that X, as a BT with (O, * , ε)-structure, is [p]-ordinary if w(Y ) = w ord .
We define a [p]-ordinary object
We shall only do this in the basic cases C, D and AU. As explained in 3.1.2, case AL reduces to the study of BT with O-structure (without polarization), and X ord corresponds to the standard ordinary object described in 1.2.3. In the general case we can define X ord by "reversing" the reduction step discussed in 3.1.2, based on Morita equivalence; we leave the details of this to the reader. In the cases C and AU the invariant δ plays no role, and we simply omit it in the discussion. Case C. In this case the pair (d, f) has a very simple form: there is a natural number q such that d = 2q and f(i) = q for all i ∈ I . Let X et and X mult be as in 1.2.4. Then X et × X mult has a natural −1-duality, and
Case D. The pair (d, f) is as in case C: d = 2q and f(i) = q for all i ∈ I . Further, δ is an arbitrary function I → Z/2Z.
First we do the case q = 1. Up to isomorphism there is a unique BT 1 with (κ, id, +1)-structure of type (2, 1, δ); we call it Y (δ). The Dieudonné module of the corresponding standard ordinary object X(δ) = X ord (2, 1, δ) is given as follows. Let M be the free W (k)-module with basis {e i,j } for i ∈ I and j ∈ {1, 2}. Let b ∈ O act on e i,j as multiplication by i(b) ∈ W (k).
Frobenius is given on base vectors by
Verschiebung is determined by the rule that F V = p = V F . The form ϕ is an orthogonal sum of the forms ϕ i on M i = Span(e i,1 , e i,2 ) given by the matrix
, where this time we equip X et × X mult with its natural +1-duality. Note that if δ is the constant function1 then X(δ) = X et × X mult , so in this case we have X ord = (X et × X mult ) q . Case AU. We have d ∈ N, and f:
Sinceκ is a finite field, I is a finite set with cyclic ordering. Let M be the free W (k)-module with basis {e τ,j } for τ ∈ I and j ∈ {1, . . . , d}. Define F and V by
The pairing ϕ can be chosen in such a way that ϕ(e τ,j , e τ ′ ,j ′ ) = 0 only if τ ′ =τ and j = j ′ , and such that ϕ(e τ,j , eτ ,j ) =: c τ only depends on τ . In order for this pairing to satisfy (3.1.1.1) we should then choose the function τ → c τ such that c τ +1 = σ(c τ ) for all τ . In particular, if E ⊂ k is the subfield with p 2m = #κ elements then c τ ∈ W (E) × for all τ . The choice of the constants c τ is not unique, but it can be shown that, up to isomorphism, the resulting Dieudonné module M is independent of this choice.
3.2.4.
Our next objective is to define the notion of µ-ordinariness for BT with (O, * , ε)-structure, analogous to the definition in 1.3.3. In the polarized case we cannot give the definition in terms of a single Newton polygon; instead we have to go deeper into the theory developed in [14] and [29] . We closely follow Wedhorn [34] , to which the reader is referred for more details. For simplicity of exposition we shall assume that we are in one of the basic cases C, D or AU. Let V := B d , with its natural structure of a left B-module. Let ψ: V × V → B be an ε- * -hermitian form. Write γ →γ for the associated involution of the Q p -algebra End B (V ), and let G = CSp B (V , ψ) be the algebraic group over Q p given, as a functor on Q p -algebras, by
Let (X * , R * , X * , R * , ∆) be the based root datum of G . We have a natural action of Γ := Gal(Q p /Q p ) on X * . Let W G 0 be the Weyl group of G 0 (= the Weyl group of the root datum). The closed Weyl chamber C ⊂ (X * ⊗ Q) corresponding to the root base ∆ is stable under the action of Γ and is a fundamental domain for the action of W G 0 .
We define a subset Ord 3.2.5. To X we can associate a Newton pointν(X) ∈ (X * ⊗ Q)/W G 0 . For the definition we refer to [29] . (One needs to combine loc. cit. (1.8), (3.4) and (3.5) .) The Newton point takes the role of the Newton polygon in the classical theory. Note however, that in generalν(X) does not determine X up to isogeny, as the Newton map need not be injective.
3.2.6.
Definition. -Situation as in 3.2.1. We say that X, as a BT with (O, * , ε)-structure, is µ-ordinary ifν(X) ∈ Ord(d, f).
3.2.7.
Theorem. -Situation as in 3.2.1. Then the following are equivalent: (X, ι) , the underlying BT with O-structure, is ordinary in the sense of section 1.3.
If there are no factors of type D or if the function δ: I D → Z/2Z is the constant function1 then (a)-(c) are equivalent to the condition that
We divide the proof into a couple of steps.
3.2.8. As usual we can reduce to the basic cases C, D, AU and AL. In case AL there is a further reduction to a statement about non-polarized BT, and the result follows from Thm. 1.3.7.
We sketch the argument if we are in one of the cases C or A, or if δ: I D → Z/2Z is the constant function1. Write X ′ for the underlying BT with O-structure, without polarization. 
Similar notation for
We claim that up to isomorphism there is a unique polarization form on X ′,ord (d, f) making it into a BT with (O, * , ε)-structure. In the cases C and D (still assuming that δ is the constant function1) we have X ′,ord (d, f) ∼ = (X et × X mult ) q for some q, and the claim follows without difficulty. In case AU we may assume that X ′,ord (d, f) is isoclinic (one slope), which means that it is isomorphic to the d-fold product of a height 1 object. The polarization forms then correspond to the isometry classes of rank d hermitian forms over W (κ). But there is only one such class, by [12] , Chap. II, (4.6.5) and the fact that the norm map
surjective. Our claim follows. The implication (c) ⇒ (a) follows by direct computation of the Newton point of X ord (d, f, δ).
3.2.9.
Let us now assume that we are in case D and δ is not the constant function1. Recall that O = W (κ) for some finite field κ ∼ = F p m and that the type (d, f) is given by d = 2q and f(i) = q for all i. The implication (c) ⇒ (a) is again done by direct computation of the Newton point. Next suppose X is µ-ordinary. To prove that X is [p]-ordinary it suffices to show that X, the underlying BT, has p-rank m · (q − 1); the point is that Y ord (d, f) is the only BT 1 with (κ, id, +1)-structure which is of type (2q, q, δ) and for which the p-rank is m · (q − 1). We use the notation of 3.2.4, applied to case D. (In particular, B is the fraction field of W (κ).) Let G ′ := GL B (V ), write X ′ * for its coroot lattice and W G ′ for its Weyl group. The inclusion G ֒→ G ′ gives rise to a map β: 
. By p-rank considerations we have a similar decomposition for X,
, where X (2) is BT with O, id, +1 -structure of type (2, 1, δ).
Hence to prove that X ∼ = X ord (d, f, δ) we may assume that q = 1. As usual we write M for the Dieudonné module of X. We have a natural decomposition M = ⊕ i∈I M i ; write ϕ i for the restriction of ϕ to M i . Let N = M /pM and write ϕ i = ϕ i mod p. As Y ∼ = Y (δ) we can choose a basis {e i,j } for N (with i ∈ I and j ∈ {1, 2}) such that b ∈ κ acts on N i = k · e i,1 + k · e i,2 as multiplication by i(b) ∈ k, such that
and such that the form ϕ i on N i is given by the matrix 0 1 1 0 . We claim that for every i ∈ I there exists an orthonormal basis {ẽ i,1 ,ẽ i,2 } for M i such thatẽ i,j reduces to e i,j modulo p. Further, this lifted basis is unique up to a scalar: any other such basis is of the form {cẽ i,1 , c
× . To prove the claim, let e i,j ∈ N i be the vector generating the Frobenius kernel (i.e, j = 1 if δ(i) =0 and j = 2 if δ(i) =1). Clearly it suffices to show that e i,j can be lifted to a vectorẽ i,j ∈ M i such that ϕ i ẽ i,j ,ẽ i,j = 0, and that this lifting is uniquely determined up to a scalar in 1 + pW (k). Start with an arbitrary u ∈ M i reducing to e i,j modulo p. Choose any v such that {u, v} is a W (k)-basis for M i . As ϕ i (u, u) ≡ 0 mod p we have ϕ i (u, v) ∈ W (k) × , so after rescaling the vector v we can assume that ϕ i (u, v) = 1. Let γ = −ϕ i (u, u)/2 and set u ′ := u + γv. Note that γ ≡ 0 mod p, as p = 2; hence u ′ lifts e i,j and {u ′ , v} is again a basis for M i . Finally,
, which is p-adically closer to 0 than ϕ i (u, u). As M i is p-adically complete, the existence of the desired liftingẽ i,j follows by approximation. That this lifting is unique up to a scalar is straightforward to check, again using that p = 2.
The rest of the argument is easy. Choose a starting point i 0 ∈ I . As just shown we can choose an orthonormal basis {ẽ i 0 ,1 ,ẽ i 0 ,2 } for M i 0 . Let j 0 ∈ {1, 2} be the index such that F (ẽ i 0 ,j 0 ) ≡ 0 mod p; let l 0 be the other index. Note that there is a unique vector in M i+1 which maps toẽ i 0 ,j 0 under V ; hence we can defineẽ
readily follows from (3.1.1.1) that {ẽ i 1 ,1 ,ẽ i 1 ,2 } is an orthonormal basis for M i 1 . Iterating this construction we arrive, after m steps, at a second orthonormal basis
As shown above, this second basis differs from the first one by a scalar c ∈ 1 + pW (k). But if we rescale {ẽ i 0 ,1 ,ẽ i 0 ,2 } by a factor γ ∈ 1 + pW (k) then this affects the resulting basis {ẽ i m ,1 ,ẽ i m ,2 } by a factor σ m (γ). Choosing γ such that γ = σ m (γ) · c (such a γ exists!) we have brought the Dieudonné module M in standard form. This completes the proof of 3.2.7.
3.2.10. Definition. -Let K be a field of characteristic p. Let (O, * , ε) be as in 3.2.1. If X is a BT with (O, * , ε)-structure over K then we say that X is ordinary if X ⊗ K k satisfies the equivalent conditions of 3.2.7 for some (equivalently: every) algebraically closed field k containing K.
3.3. Deformation theory of ordinary polarized objects.
3.3.1. To finish this section we describe the deformation theory in the polarized case. Let X = (X, ι, λ) be an ordinary BT with (O, * , ε)-structure over a perfect field K of characteristic p. Let us first assume that we are in one of the basic cases C or AU; case D shall be discussed in 3.3.2 below. (As always, case AL reduces to a study of non-polarized BT with given endomorphisms and requires no further explanation.) Write X ′ = (X, ι) for the underlying non-polarized BT withO-structure, and let D := Def X ′ . The given duality λ:
induces an isomorphism of cascades
Note that D ∨ has the same underlying space as D; the duality " ∨ " only involves the cascade structure. Hence we can define a formal subscheme
Then we find that we have a natural isomorphism
and that D λ is stable under the Frobenius lifting Φ can defined in 2.3.8.
3.3.2.
Assume now we are in case D. Let (2q, q, δ) be the type of X. If δ is the constant function1 then X, the underlying BT, is ordinary in the classical sense and the structure of Def(X) is fully explained by the classical theory. From now on we therefore restrict our attention to the case that δ(i) =0 for some i. Note that in this case the underlying object X ′ is not ordinary in the sense of 1.3.8, so we cannot directly use the theory developed in § 2. With some easy modifications we have a similar theory in this case, though. We outline the main features.
(a) To begin with, recall that the ordinary object X of type (2q, q, δ) canonically decomposes as
mult , and with X (2) ordinary of type (2, 1, δ). It is important to note that X (2) is again a polarized object, whereas the factors X (1) and X (3) are BT with O-structure, dual under the given polarization on X.
The first fact we need is that the "middle" factor X (2) is rigid, as a polarized object. Thus,
In particular there is a canonical lifting X (2),can over W (K). The factors X (1) and X (3) , as BT with O-structure, are rigid too, and we use a similar notation for their liftings.
. Here we view Barsotti-Tate groups as sheaves for the flat topology, and the Ext is taken in the category of sheaves of O-modules on Spec(R). We claim that E is represented by a BT with O-structure over W (K) which is geometrically isomorphic to the product of q − 1 copies of X (2),can . To see this, we first observe that we have a morphism of functors Def
,′ , where the prime indicates that we now view X (2) without its polarization.
Using Grothendieck-Messing deformation theory one can show that this morphism is formally smooth. Now the object X (2),can gives us a section Spf W (K) → Def X (2) , and the functor E represents the pull-back of Def X (1) × X (2) via this section. In this way we see that E is prorepresentable and formally smooth. From now on let us assume that K = k is algebraically closed. We identify O = W (κ) and write L for its fraction field. Note that L/O = X et . We have a short exact sequence of sheaves
Put differently, we have an injective map j: X (2),can q−1 ֒→ E. One easily verifies that this map is an isomorphism on tangent spaces. Hence j is an isomorphism and E k is isomorphic to the product of q − 1 factors X (2),can .
As Serre duality gives an isomorphism of E with the functor
, we have the same conclusions for the latter.
(c) Let X ′ be the pair (X, ι), without polarization form. Any deformation of X ′ over R admits a slope decomposition, with graded pieces X
R , Z and X
R , where Z is a deformation of X (2),′ . Consider the closed formal subscheme D ⊂ Def(X ′ ) given by the condition that
R ; this is equivalent to the condition that the polarization form on X (2) lifts to Z. The slope filtration gives rise to a morphism D → E × E, where the first (resp. second) factor E controls the extension of X 4.1.1. We consider a moduli problem of PEL type with good reduction at a prime p > 2. The data involved are the following.
-(B, * ) is a finite dimensional semi-simple Q-algebra with a positive involution; -V is a finitely generated faithful left B-module; -ϕ: V × V → Q is a symplectic form (Q-bilinear, alternating and perfect) with the property that ϕ(
-p is a prime number > 2 such that B ⊗ Q p is unramified (see 3.
is the (not necessarily connected) reductive group over Z p given by the symplectic similitudes of (Λ, ϕ) that commute with the action of O B ; -X is a G (R)-conjugacy class of homomorphisms S → G R (with S := Res C/R G m ) that define a Hodge structure of type (−1, 0) + (0, −1) on V R for which either 2πi · ϕ or −2πi · ϕ is a polarization form; -c is the G (C)-conjugacy class of cocharacters of G C associated to X ; concretely, if h ∈ X then we have a cocharacter µ = µ h through which z ∈ C × acts on V −1,0 (resp. V 0,−1 ) as multiplication by z (resp. by 1); -E = E(G , X ) is the reflex field, i.e., the field of definition of the conjugacy class c.
4.1.2.
Fix data D = (B, * , V , ϕ, O B , Λ, X ) as in 4.1.1. Let Q be the algebraic closure of Q inside C. We fix an embedding Q → Q p . Let v be the corresponding place of E above (p). We write O E,v for the localization of O E at v.
Let such that a certain determinant condition is satisfied. For precise details we refer to Kottwitz [15] , § 5. If C p is sufficiently small, which we from now on assume, then A D,C is representable by a smooth quasi-projective O E,v -scheme.
4.1.3.
In the rest of this section we assume that (B, * ) is simple as an algebra with involution. Then (B, * ) is of one of the four types I-IV in Albert's classification; see Mumford [24] , § 21. Let Z = Z B be the center of B and Z 0 ⊂ Z the subfield of * -symmetric elements. Define Morita equivalence also applies to (Λ, ϕ). For the rest of this section we fix a pair (Λ 0 , ϕ 0 ) consisting of an O-module and an ε- * -hermitian pairing such that (Λ 0 , ϕ 0 ) is Morita equivalent to the original pair (Λ, ϕ). Note that G = CSp O (Λ 0 , ϕ 0 ).
is a Shimura datum. Define c 0 to be the G 0 (C)-conjugacy class of cocharacters of G C with µ h ∈ c 0 for all h ∈ X 0 . The reflex field 
such that each A (j) is a Shimura variety. Here s is the order of Ker
. In general, the Shimura varieties that constitute the generic fibre are not all associated to the same Q-group. (Note that different PEL data D may give rise to the same moduli problem A D,C , since this problem only involves all local information.)
For some results that we want to discuss it is more natural to work with the individual Shimura varieties. We define S C to be the open and closed subscheme of A D,C ⊗ O E 0 ,v 0 whose generic fibre is S C . If there is no risk of confusion we simply write S instead of S C . Write S 0 = S C,0 for the special fibre.
Proposition. -Let k be an algebraically closed field containing κ(v 0 ). In the cases C, AU or AL (Albert types I, II or IV), the type-function
In fact, it is clear that d and f are constant. We postpone the proof of the assertion in case D to the end of this subsection. 
where s ∈ S 0 (k) lies in S 0 (w) if and only if Y s is of type w. By the statement that (4.1.6.1) is a stratification we mean that it gives a decomposition of S 0 as a disjoint union of locally closed subspaces and that the closure of each stratum S 0 (w) is a union of strata. For proofs of these facts we refer to Wedhorn's paper [36] . In our paper [23] we have proved the following result. 4.1.9. Let Q be a field containing E 0 . Let X be the BT with (O, * , ε)-structure associated to a Q-valued point of S . Write T p = T p (X) for its Tate-p-module, which is to be viewed as a free Z p -module of finite rank with O-action and with an ε-symmetric perfect bilinear form
The interpretation of the generic fibre of S as the Shimura variety associated to the datum (G 0 , X 0 ) gives us an isomorphism of O-modules α: Hence it suffices to show that any two ordinary points of S 0 have the same δ.
Let A be an ordinary k-valued point of S . Write X for the associated BT with (O, id, +1)-structure. For simplicity of exposition, let us assume that O is a domain, i.e., there is only one prime of Z = Z B above p. In the general case the argument is the same, but we first have to decompose X according to the decomposition of O as a product of domains. As usual we write κ = O/pO, we let I = Hom(κ, k) = Hom O, W (k) , and we put m = #I = [O : Z p ]. Recall that we have an integer q such that d = 2q and f is the constant function q. Let δ be the invariant of X as in 3.1.5. We say we are in the split case if i∈I δ(i) ≡ m modulo 2, in the non-split case if not. As we shall see, this is independent of the choice of the ordinary point A.
In the split case, let O = O × O with involution * given by (y 1 , y 2 ) → (y 2 , y 1 ). In the nonsplit case, let O be the unramified quadratic extension of O and * the non-trivial automorphism of O over O. Set I := Hom O , W (k) . We use the letter τ for elements of I . Similar to the notation introduced in 3.1.3 we have a natural 2 : 1 map I → I and we setτ := τ • * .
Let
with involution * given by (x, y, z) * = (z, y * , x). Let T be the torus over Z p , of rank mq + 1, given on points by
The cocharacter group of T is given by
The constant appearing here is called the weight of the cocharacter. The fundamental group of Spec(Z p ) acts on X * (T ) through its natural action on the sets I and I . Let ν: G m → T be a cocharacter of weight 1 over W (k). To ν we associate a Dieudonné module with (R, * , +1)-structure: Take M ν = R ⊗ Z p W (k), with F and V given by
and with +1-duality given by ψ(r 1 ⊗ w 1 , r 2 ⊗ w 2 ) = tr R/Z p (r 1 r * 2 )w 1 w 2 . If instead of the full R-action we only remember the action of O (embedded diagonally into R) then we obtain a BT with (O, id, +1)-structure, denoted X ν . For later use let us remark that X ν is ordinary when viewed as a BT with R-structure; the point is that it has height 1 ("relative to its R-structure"), and height 1 objects are always ordinary.
The point of all this is that X, our ordinary BT with (O, id, +1)-structure, is of the form X = X ν for some cocharacter ν. In the given description of the cocharacter group, we can choose ν in such a way that a i,j = 0 and c i,j = 1 for all i ∈ I and j ∈ {1, . . . , q − 1}; with
3.2 this is equivalent to the requirement that the nth factor
Once we fix the R-action on X, the corresponding ν is uniquely determined. We can compute δ from ν, as follows. Let i ∈ I . Choose an element τ ∈ I that maps to i under the natural 2 : 1 map I → I . Write ν = (a i,j , b τ , c i,j ). Then
Let T p = T p (X can ) be the Tate-p-module of the canonical lifting of X. As discussed in 4.1.9
we have an isomorphism α:
As remarked above, X is ordinary when viewed as a BT with R-structure, so by 2.3.12 the full R-action on X lifts to X can . Via α this gives rise to an embedding j: (This may be off by a normalization factor, due to the fact that we use a different version of Dieudonné theory, and due to various sign conventions in Hodge theory. Such a normalization does not affect our argument, though, and we save ourselves the trouble of getting it exactly right.)
As claimed earlier, whether we are in the split or in the non-split case is independent of the choice of the ordinary point A ∈ S (k). Let us now prove this. Let To complete the proof, let us now show that δ is determined by the conjugacy class c 0 . If W G 0 is the Weyl group of G 0 then there is a natural bijection C(Q p ) ∼ −→ X * (T )/W G 0 . We observe that ν ∈ X * (T ) is the unique representative of the class c 0 ∈ X * (T )/W G 0 with the property that for all τ ∈ I and i = res(τ ) ∈ I ,
Since we can compute δ from ν, it follows that c 0 determines δ.
4.1.11.
Remark. -There are two key points in the above proof. Firstly, we have a direct relation between the conjugacy class c 0 and the conjugacy class of the cocharacter ν. Secondly, the cocharacter ν is directly related to the explicit description of the Dieudonné module of X ord (d, f, δ). We can further exploit these relations to obtain information on the residue field κ(v 0 ) of the reflex field E 0 at the place v 0 . In the cases A and C (where similar ideas apply), we find that κ(v) = κ(v 0 ) equals the field E(d, f) defined in 1.1.6. In case D something similar can be done. Given a type (2q, q, δ), define E(δ) ⊂ k as the fixed field of {α ∈ Aut(k) | α δ = δ}. Then we find that in case D(split) we have κ(v 0 ) = E(δ) and in case D(non-split) κ(v 0 ) is the quadratic extension of E(δ) in k. Suppose given two four-tuples A i = (A i ,λ i , ι i ,η i ), for i = 1, 2, corresponding to T -valued points of A . By a p-isogeny f : A 1 → A 2 we mean an O B -linear isogeny such that f * λ 2 = p c ·λ 1 for some c 0. Note that f necessarily has p-power degree.
Write p-Isog = p-Isog D,C for the O E,v -scheme of such p-isogenies; it comes equipped with two morphisms s, t: p-Isog → A , sending an isogeny to its source and target, respectively. Fixing
gives an open and closed subscheme p-Isog (d) ⊂ p-Isog which is locally of finite type over O E,v . Using [6] , Chap. I, Prop. 2.7 and the valuative criterion we see that the morphisms s and t: p-Isog (d) → A are proper. For every n 0 we have a morphism A → p-Isog that sends A to the isogeny "multiplication by p n on A". As this is clearly a section of the (separable) morphism s, its image is a reduced closed subscheme Mult(p n ) ⊂ p-Isog . Composition of isogenies defines a morphism c: p-Isog × t,A ,s p-Isog −→ p-Isog .
We claim that this morphism is proper. To see this, work over a d.v.r. R with fraction field K. Suppose given an isogeny f : A 1 → A 2 , and suppose that f K = ψ K
• ϕ K . Since R is a d.v.r., the flat closure of Ker(ϕ K ) inside A 1 is a finite flat subgroup scheme, and we get (in a unique way) a factorization f = ψ • ϕ over R. By the valuative criterion it follows that c is proper.
Suppose given a homomorphism O E,v → L with L a field. Using the composition morphism c we can define an "algebra of isogenies" over L. Let Z Q (p-Isog ⊗ L) be the group of algebraic cycles on p-Isog ⊗ L, taken with Q-coefficients. If Y 1 and Y 2 are two cycles, let
Note that the push-forward is defined on the level of cycles, since c is proper. Extending this product bilinearly, we obtain the structure of a Q-algebra on Z Q (p-Isog ⊗ L). The identity element is the cycle Mult(1) = p-Isog (0) . Finally define Q[p-Isog ⊗ L] to be the subalgebra of Z Q (p-Isog ⊗ L) generated by the irreducible components.
The previous constructions also work on p-Isog ord , which we define as the inverse image under s of A ord ⊂ A . As our notion of ordinariness is invariant under isogenies, p-Isog ord is also the inverse image of A ord × A ord under (s, t). Let p-Isog ord,(d) be the open and closed subscheme of p-isogenies f with deg(f ) = p d .
Lemma. -Suppose given a homomorphism
(ii) If char(L) = p an analogous statement holds over the ordinary locus:
Proof. If char(L) = 0 we reduce to the case L = C; then we use the complex uniformization of the components of A ⊗ C by hermitian symmetric domains. We omit the details. Next suppose char(L) = p. For the purpose of this proof let us abbreviate p-Isog ord ⊗ L to I .
Step 1: It suffices to show that, fixing d, the morphisms s, t: Step 2: Moreover, up to isomorphism this factorization is unique. It therefore suffices to prove that in the fibre over a given point a ∈ S ord 0 (k) there are only finitely many p-isogenies f with the property that Ker(f ) is killed by p. Such an isogeny is completely determined by the induced homomorphism f [23] its automorphism group scheme is finite.
Step 4 ⊗ κ(v 0 )]. We refer to this element ϕ as the Frobenius correspondence. The main theme of this section is that Φ satisfies a polynomial equation with coefficients in the Hecke algebra of G .
4.2.5.
Recall that we have a conjugacy class c 0 of cocharacters of G 0 , and that E 0 is the field of definition of c 0 . Let E be the v 0 -adic completion of E 0 ; its ring of integers is O E :=Ô E 0 ,v 0 . Note that E is an unramified extension of Q p ; see [20] , Cor. 4.7. By the same arguments as in [35] , Lemma 5.1, there exists a cocharacter µ ∈ c 0 that is defined over E . Similar to what we did in 3.2.4 we can consider the quasi-cocharacter obtained from µ by averaging its Galois conjugates. More precisely, let Γ := Gal(Q p /Q p ) ⊇ Γ ′ := Gal(Q p /E ), and consider
which is a quasi-cocharacter of G 0 defined over Q p . This N (µ) extends to a quasi-cocharacter over Z p , and we define M ⊂ G 0 to be the centralizer of N (µ). We denote by H (G 0 , Q) the Hecke algebra of G 0 Q p with respect to its hyperspecial subgroup G 0 (Z p ), with Q as coefficient field. Let H 0 (G 0 , Q) ⊂ H (G 0 , Q) be the subalgebra of Q-valued functions that have support contained in G 0 (Q p ) ∩ End(Λ 0 ). The Hecke algebras H 0 (M , Q p ) ⊂ H (M , Q) are defined in a similar manner; see Wedhorn's paper [35] , § 1, for more details. We writeṠ , where K is a perfect field containing κ(v 0 ). Let X be the corresponding BT with (O, * , ε)-structure. In 3.2.4 we have defined conjugacy classes of quasi-cocharactersμ j of G 0 over Q p . One of these conjugacy classes contains N (µ). By definition, saying that A is ordinary means that the associated Newton quasi-cocharacter ν(X) lies in one of the conjugacy classesμ j . Under the assumption that A is a point of S 0 (not just a point of A ) we can sharpen this: A is ordinary if and only if ν(X) is conjugate to N (µ). This can be shown using arguments as in 4.1.10.
4.2.7.
As usual we write T p (?) for Tate 
is independent of the choices of the α i . We refer to τ (f ) as the type of the p-isogeny f . The type of an isogeny is constant on irreducible components of the scheme J. This allows us to define a map h:
sending the characteristic function of a class [γ] with γ ∈ G 0 (Q p ) ∩ End(Λ 0 ) to the sum of all irreducible components of J on which the type is equal to [γ] . By extending scalars to C and using the complex uniformization of S C , it can be checked that h is a homomorphism. It now suffices to prove that the quasi-cocharacter N (µ) is geometrically conjugate to γ Gal . Indeed, if this holds then γ Gal and N (µ), being both defined over Q p , are already in the same G 0 (Q p )-conjugacy class (use [13] , Lemma 1. 
the p-type of f .
